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The problem of determining the arithmetic genus of Hilbert modular varieties 
over non-Galois cubic fields is addressed. The main theorem provides a simple 
expression in terms of relative class numbers for the number of equivalence classes 
of elliptic fixed points in the product of three copies of the complex upper half plane 
under the action of the Hilbert modular group of an arbitrary cubic field. Using this 
theorem, a technique is developed for calculating the arithmetic genus and is then 
carried out on the Hilbert modular varieties over the 28 non-Galois cubic fields of 
smallest discriminant. It is found that, contrary to expectations, almost all of these 
varieties have arithmetic genus equal to one. st 1991 Academic Press. Inc. 
1. INTRODUCTION 
This work is a study of Hilbert modular varieties over totally real non- 
Galois cubic number fields. The main problem addressed is that of deter- 
mining the values of the arithmetic genus (in the sense of Hirzebruch I-6]) 
of these threefolds. Of particular interest are the cases where the arithmetic 
genus is equal to one, since all rational varieties have this property. This 
work is, therefore, a first step in determining for which cubic fields the 
Hilbert modular varieties are rational. 
The main theorem provides a simple expression, given in terms of 
relative class numbers, for the number of equivalence classes of elliptic fixed 
points under the action of the Hilbert modular group. Based on the work 
of Prestel, the theorem applies to all totally real cubic fields, extending an 
earlier result of Weisser which applies only to Galois cubic fields. 
Using this theorem I develop a technique, based on the work of Shintani, 
for calculating x(k), the arithmetic genus of the Hilbert modular variety 
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over k, for cubic fields k and carry it out for the non-Galois cubics of 
smallest discriminant. It is known that g(k) = 1 for only ten quadratic fields 
and four Galois cubic fields. The results show that contrary to expecta- 
tions, there are many more non-Galois cubic fields with this property. Of 
the 28 non-Galois cubic fields of smallest discriminant, 24 satisfy g(k) = 1. 
See Table I in Section 12. 
2. PRELIMINARIES 
Let k be a totally real algebraic number field of degree n over Q, with 
ring of integers Ok. The Hilbert modular group over the field k is defined 
by Fk = PSL2(Ck)= SL2(Ck)/{ _+l}. For each a~ k, let a~--, a(i) be the ith 
embedding of k into the real numbers, i= 1 ..... n. SLz((gk) acts on o'r the 
product of n copies of the complex upper half plane, by 
(a(~)z~ +b (~) a(2)z2+b (2) a(~)z~+b (~)) 
Mz = \c~--5~z-~ + d~), c~Z~z2 + d~2~ ..... c~.~z. + d~.j , 
where M= (~ b)~ SLz(Ck), and z= (zl, z2 ..... zn)e ~" .  This gives a well- 
defined, effective action of Fk on ~" .  
The quasi-projective complex variety Xk = Fk\Jt ~n is compactified in a 
natural way by adding hk points where h~ is the class number of k. The 
resulting compact variety can be desingularized to form a compact, com- 
plex, non-singular manifold Yk called the Hilbert modular variety over k. 
For a more detailed discussion of Hilbert modular varieties including a 
complete description of what is known about Hilbert modular surfaces, see 
[5, 20]. 
Although the above construction does not uniquely determine Y~, 
because there is more than one way to desingularize the variety, the 
resulting non-singular manifolds are all birationally equivalent. It is 
therefore appropriate in studying Hilbert modular varieties to investigate 
properties that are birationally invariant, such as the arithmetic genus. 
Hirzebruch, Van de Ven, and Zagier [7, 8] used the arithmetic genus 
and other numerical invariants in classifying Hilbert modular varieties over 
real quadratic fields. They showed that exactly ten quadratic fields have 
Hilbert modular varieties with arithmetic genus equal to one and that 
those ten varieties are all rational. Working on the same problem for 
totally real Galois cubic fields, Weisser [22] showed that there are exactly 
four such fields whose Hilbert modular varieties have arithmetic genus 
equal to one. Kn611er [ 10] (see also [ 11 ]) constructed examples of totally 
real cubic fields (both Galois and non-Galois) with nonrational Hilbert 
HILBERT MODULAR VARIETIES 345 
modular varieties. His non-Galois examples all have larger discriminants 
than the fields studied in this work. 
Theorem 1, below, is derived from the work of Hirzebruch [5] and 
Vign6ras [21] and provides a starting point for the calculation of g. 
THEOREM 1. For a totally real algebraic number f ield k of  degree n over 
Q containing a unit with norm -1 ,  the arithmetic genus of  the Hilbert 
modular variety over the f ield k is given by 
z(k)=2 n(2(k(- -1)+ ~ ( r - -1 )a , / r ) .  
r~>2 
(1) 
Here, (k is the Dedekind zeta function and a r is the number of 
equivalence classes of elliptic fixed points in ~n of order r. (The order of 
an elliptic fixed point is defined to be the order of its isotropy subgroup.) 
This formula clearly applies to cubic number fields since -1  is a unit of 
norm - 1. 
3. ELLIPTIC FIXED POINTS 
Let k be a totally real number field of degree n over Q, with ring of 
integers (9 k. Let M be a matrix in SL2((gk), with M~--~M (i) being the ith 
embedding of SL2((gk) ~ SL2(~), i = 1 ..... n. M is said to be elliptic if it 
satisfies the condition tr(M(i~)2-4 det(M ~i)) <0 for i= 1 ..... n, or equiv- 
alently, since det(M ~)) = 1, tr(M~i)) 2 < 4 for i = 1 ..... n. An elliptic element 
of Fk is defined analogously. Each elliptic element of F~ fixes exactly one 
point in ovg ~. This point is then called an elliptic fixed point of F k. The 
isotropy subgroup in Irk of an elliptic fixed point is cyclic of finite order. 
The order of an elliptic fixed point is defined to be the order of this group. 
For each r > 1, let ar be the number of equivalence classes of elliptic fixed 
points of order r under the action of Fk. In other words, ar is the number 
of points in Fk \~"  which come from points with isotropy subgroups of 
order r. 
Prestel [13] studied the general question of counting equivalence classes 
of elliptic fixed points and applied his results to the special case of totally 
real quadratic fields. His method involved setting up a one-to-one 
correspondence between equivalence classes of elliptic fixed points and 
conjugacy classes of certain orders of the form k' c~ M2((gk) where k' is a 
totally imaginary quadratic extension of k in the ring of 2 x 2 matrices over 
k, and Mz((-gk) is the set of 2 • 2 matrices with entries in Ck. Under this 
correspondence, the equivalence class of an elliptic fixed point fixed by a 
matrix E with nontrivial action is mapped to the order k[E]  c~ M2(Ck). 
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Having thus changed the problem into one involving these orders, Prestel 
then used the work of Shimizu [14] in deriving a formula for the number 
of conjugacy classes of such orders containing an elliptic matrix with a 
given trace and determinant. 
Let l(s, n) be the number of conjugacy classes of orders of the type above 
containing an elliptic matrix with trace s and determinant n. Let 
k '=  k(sx/~--4n). Let ~k and &~, be the groups of units and let hk and hk, 
be the class numbers of (5~ and C~,, respectively. Let a0 be the ideal of C~ 
such that 
a 2 & = (s 2 - 4n), (2) 
where & is the relative discriminant of k' over k. a0 is also characterized as
being the smallest ideal in (9 k satisfying the properties 
a021 (s2-  4n) (3) 
2 %l(c2-cs+n)  forsome c~Ck. (4) 
Prestel showed that any order (5' of k' containing an element M with trace 
s and determinant  is of the form 
C = (sk@ao la (M-  c) 
for some a l ao with c as in condition (4) above. Let w(a) be the order of 
the fixed point corresponding to C. For p a prime ideal in (gk, let (k'/p) be 
the Artin symbol, i.e., (k'/p) = 1 if p splits in k', (k'/p) =0 if p ramifies in 
k', and (k' /p)= -1  if p remains prime in k'. 
THEOREM 2 (Prestel). Using the above notation, 
l(s,n)--Z[Sk,:~k]h k ~ w(a) Nk/~(a)I ] 1-- Nk/~(p -1) . (5) 
ala,, pla 
The task of counting equivalence classes of elliptic fixed points thus 
becomes one of determining which value or values of s are needed to get 
each corresponding order counted exactly once and then of evaluating the 
above expression for those values. 
Weisser showed that in the order k[E] c~ M2(Ck), where E is an elliptic 
matrix (with determinant 1 ), E must be a root of unity. Restricting now to 
the case of k a cubic number field, k[E] is of degree six over Q. It follows 
easily that all elliptic fixed points are of order 2, 3, 7, or 9. Again, since 
k[E] is of degree six, the order 7 (resp. 9) can occur only if k is the real 
subfield of the cyclotomic field containing seventh (resp. ninth) roots of 
unity. (See [22] for details.) Since these two fields are both Galois, it 
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follows that for non-Galois cubic fields, all elliptic fixed points are of order 
2 or 3. Under Prestel's correspondence, the fixed points of order 2 
correspond to orders containing a matrix with trace zero, in which case 
k'-~k(~/~-l) .  Similarly, fixed points of order 3 correspond to orders 
containing a matrix with trace one, in which case k'-~k(x/~-3). 
4. UNITS 
Let k be a totally real cubic number field and let k' be k(x/~-1) or 
k(x/ - -~ ). Let ~ and 8k, be the corresponding groups of units and let ~k' 
be the group of roots of unity in k'. Following Hasse [4], define the unit 
index Q def  [~k' " ~k'OX~ The value of the index [G, :gk] = (1~,1/2) Q is 
required for the evaluation of formula (5). Although the following result is 
known, I could not locate a proof in the literature and so include one here 
for completeness. 
THEOREM 3. Given k a totally real cubic number f ield over Q (not 
necessarily Galois), let k' =k(r/) where rl = ~ or x/- -~. Then the unit 
index, Q, o f  k' over k is equal to 1. 
I first give a lemma, the proof of which follows closely the proof Hasse 
gives for the case where k is abelian. 
LEMMA 4. Given k a totally real algebraic number f ieM over Q, let 
k' = k(q) be a totally imaginary quadratic extension of  k. Then the unit index 
Q is 1 or 2. Further, Q = 1 i f  and only if for each unit ~ ~ k', there is a root 
of  unity ( ~ k' such that e/g = (2. 
Proof. Identity .k' with one of its embeddings in/~', the Galois closure 
of k'. Let a be an arbitrary automorphism of/~'. Let r be complex conjuga- 
tion. 
Claim 1. ar = ra on k'. To see this, let al = alk and a 2 = al ~(~). Clearly 
a2 is either the identity or complex conjugation and so commutes with r on 
Q(r/). For arbitrary a and b in k, 
(a + bt/) ~ = (a ' '  + b~lr/~2) ~ = a "1 + b'~r/~- 
and 
(a + btl) TM = (a + btl~) ~ = a ~' + b~'tl ~~ 
Since k '= k(q), this proves Claim 1. 
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Claim 2. I fe i s  a unit in k' with eg=l, then e is a root of unity. For 
this, it is sufficient o show that all conjugates of ~, lie on the unit circle. Still 
letting a be an arbitrary automorphism of #', from Claim 1, cr and 
commute on k' so 
leVI 2 =e~ ~ = e~ = (ee~)~ = 1~= 1. 
Let J-k,={e/gleegk,}. By Claim2, ~,___#~,. For e a unit in k', 
e l~=e/gE~, .  Note that e ~ ~= I if and only i feek. So 1 - r  maps o~k,/dk 
isomorphically onto ~, .  For ( a root of unity in k', ~ ~= ( / (=  (2~ y-~,, 
So 1 -  z maps gk~'/gk isomorphically onto ~--2 Thus k"  
Q = [d~k , "~ ' ] = [g~'/gk ' 6~k~' /~ ] = [~ ' '  "Y k']'~-2 
This proves the second part of the assertion. For the first part note that 
since ~,  is cyclic of even order. | 
Proof of Theorem 3. (My thanks to H. Lenstra for bringing this proof 
to my attention.) Suppose there exists a unit e e k' such that e/g= ( is a 
root of unity in k' which is not a square. 
Case 
implies 
relative 
N~,/~((1 
1, k '=  k(x/-L-]-). Without loss of generality, assume (= i. This 
that e = (1 + i)/r with re  R. So r = (1 + i)/ee N c~ Ck, = Cgk. Taking 
norms of ideals in Ck, yields (r)2=N~,/k((r))=N~,/k(((1 +i)/e))= 
+ i ) )= (2). But this is impossible in a cubic field. 
Case 2. k '=k(~-3) .  Without loss of generality, assume (=-1 ,  
which implies that e = i/r with re  ~. This means that r '=  x/-3r = i x/-3/e~ 
c~ Ck, = C~. Taking norms yields (r') 2 = Nk, /k ( ( r ' ) )  = Nk,l~((i x/'3/e)) = 
Ng,/k((i x~))= (3). Again, this is impossible in a cubic field. 
So no such unit e exists and by Lemma 4, Q = 1. II 
5. RELATIVE DISCRIMINANTS 
Let k be a totally real cubic number field and let ~ = disc(k(i)/k) be the 
relative discriminant of k(i) over k. The value of 6 enters the evaluation of 
Eq. (5) by way of the definition of a0 (Eq. (2)), The following lemma is 
used in the proof of Theorem 6. 
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LEMMA 5. Let k be a totally real cubic number field with 2(9, = p3. There 
exists a basis {B 1, B 2, B3} of Ce such that 
{ B1, B2, B3, iB1, iB2, ~ B3 
is a basis of Ck(i), and so 6 = p4. 
Proof Let 7 be an arbitrary element of (_9,(o, 7 = a + fli with a, f le k. 
Then T,(~)/, (7) = 2a s (9, and Nk(o/k(7) = a2 + fiE e (9 k which implies that 
(2fl)2 = 4(a2+ f12)_ (2a)2 e C,. Thus both 2e and 2fl are algebraic integers. 
This means that Y can be written in the form (~' + fl'i)/2, with e', fl' e (9,. 
For c~ s (9,, i fa ~ t0 2 then ~2 s p4 and so 2 I e2. Thus, N~,)/, (((1 + i)/2) ~) = 
(1/2) a2 e C, and Tk(g)/~(((1 + i)/2) a) = c~ e (9,, implying that ((1 + i)/2) e is 
an algebraic integer, i.e., ((1 + i)/2) ae  (_9,(~v Conversely, if ((1 + i)/2) ae  
C,v ) for some ae(9, ,  then (1/2)ct2=N,(o/,(((l+i)/2)e)e(9~ implies 
21 ~2~ Psi (0~2) ~ P~ I (a). Hence, for each ~ e C,, 
1+i  
~p2,~ 2 ~60,(i). (6) 
Let r/ep2-2(_0g, rl=~_.c,,B,, where {Bl,B2,]~3} is some basis of Ok. 
Then ((1 + i ) /2 )Z  c ,B ,  eOkli ). Substract an element of (9,Z[i] to yield 
((1 +i)/2)Y~enB,,e(Ok(o with e .~ {0, 1}. Since 2~q, e, is nonzero for at 
least one n. Let B3=~_.e,B n and let B1 and B 2 be chosen from 
{/~,,/~2,/~3} so that {B,,B2, B,} is a basis for (9,. Note that 
(( l+i)/2)B3~C,(i) implies that p2l(B3). In fact 2~B3~p2I I (B3)~ 
p4 II (B~)=~p 11 ((1/2) B2). 
Define C to be the Z-span of {B1, B2, B3, iBm, iB2, ((1 + i)/2) B3}. 
Notice that (~,Z[i] ~_ (~_ (9k( o. I claim that (~ = C*(a" 
Let 7 be an arbitrary element of (9,( o, ? = (a + fli)/2 with a, fl ~ (_9,. 
a+fl i  a2+f12 ( _~)  
e (9k(,) ::> ~ - Nk(i)/k e (9, 
=~ 41(o~2 + f12)=~ 2 [ (a2 - 2o~fl + fl 2) 
21 (~ - ~)~ ~ p~ 4 (o~ - ~). 
Since Ip2/2(gkl = 2, p2 l (a - f l ) imp l ies  that 
(e - fl) e 2(9 k or (e - fl) e B 3 + 2Ok. 
Suppose the latter. 
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o , - /3 -B  3 
(~ --/3) ~ B 3 "+ 2~:k => e (~ 
2 
~4 
~2 
2 2 2 - i e 6ki~ 
~2 + (0{-- B3)2 (~ q'- (~ -- B3) {) E (~ k
4 - Nkl~,..k 2 
(2a 2 -- 2aB 3 + B 2) 
18 ) ( ~2 __ ~B 3 jr_ 
Recall that p2 I (B3) and that p II ((1/2) B32). This means that p II (~2) which 
is clearly impossible since p is prime. Hence (c~-/3) e 2Ck. 
1 +i  ~+fl i  
~ e p  2 by (6) 
~e2Ck or c~e B3 +26%. 
If ct ~ 2~0 k then/3 ~ 2Ck and so (ct +/30/2 = ~/2 + (fl/2) ie  Ck77[i] c_ (~. 
If c teB3+2(9 k then /3~B3+2CI, and so (o t+f l i ) /2=( ( l+ i ) /2 )B3+ 
(ct - B3)/2 + ((/3 - B3)/2) ie  ~. 
In either case, (~ +/30/2 ~ (~ as desired. Thus (~k~g)= C and 
l+ i  B Bl, 82, 83, iBl , iB2, -5- 3~ 
is a basis of (9k~ o of the required form. 
The fact that 6 = p4 follows immediately from the formula [-2-]: 
disc(k')=Nk(disc(k' /k))disc(k) Ek':q, for k'~_k. 
From this, Nk(disc(k'/k))= 16, and so disc(k'/k)= p4. | 
6. THE MAIN THEOREM 
Let a r be the number of equivalence classes of elliptic fixed points of ~"  
under the action of the Hilbert modular  group. Let h(l) be the relative class 
number, h(l)= hkt.~4)/hk. As before, let (k'/p) be the Artin symbol. 
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THEOREM 6. Let k be a totally real cubic number field. 
I f  disc(k) 549 or 81, then: 
I f  2 ~' disc(k), then a 2 = 4h( - 1 ). 
I f2  I disc(k), let p be the prime in Ck ramified over (2), then 
16h(-1) if (k( i ) /p)=l;  
a2= ~12h(-  1) if (k(i)/p)=O; 
1,40h(- 1) if ( k ( i ) /p )=- l .  
I f3  ~'disc(k), then a3 =4h( -3 ) .  
I f  3 I disc(k),/et q be the prime & Ck ramified over (3), then 
(12h(-3) if 
a3=~16h(_3  ) /  if (k (~) /q )=0;  
k20h( -  3) if (k(x/--~)/q) = - 1. 
I f  disc(k) = 49, then a2 = a3 =- a7  = 4. 
I f  disc(k) = 81, then a2 = a3 = a9  = 4. 
For all other values of r, ar = O. 
Proof. Recall that l(s, n) is the number of conjugacy classes of orders of 
a specific type containing an elliptic matrix with trace s and determinant . 
The values of ar for the fields of discriminants 49 and 81 were calculated 
by Weisser 1-22] who also showed that for all other totally real cubics, 
a2 = l(0, 1), a3 =1(1, 1), and a t=0 for all r~2 or 3. 
First consider l(0,1). The quadratic extension k(x /~-4n)=k( i  ). 
[Sk~i) : o~k] = (e)/2) Q, where Q is Hasse's unit index. By Theorem 3, Q = 1, 
so [~k~i): ~k] =2..By the Dirichlet unit theorem, [~k" 8~] = 8. 
If 2/fdisc(k), then the relative discriminant, 6, is equal to (4). Since 
ao 26 = (4), it follows that %= Oh, and so by formula (5), 
a 2 = l(0, 1 ) = 2~ h(s2 - 4n) W(Ck) N(Ck) = 4h( - 1 ). 
If 21 disc(k), then let p be the prime in (_9 k which is ramified over (2). 
Either 2Ck=p2q for some prime ideal q or 2Ck=p 3. Notice that 
2Z[i] =(1 +i)  2 implies that 2(9k~0 is a square ideal. In particular, this 
means that if 2(9 k = p2q, then q ramifies and so q I 6; and if 2(9k = p3, then 
p ramifies and so p lfi. 
Recall that a0 is characterized by being the smallest ideal satisfying 
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conditions (3) and (4). Letting c = 1 in condition (4), note that p satisfies 
both conditions and so p Fao. 
Case 1. If (k(i)/p) r 0, then ao = p2 since a o 6 = (4) = p4q2 and p ~ 6. So 
a2 = ~ h(s 2 - 4n) 
= {16h( -  1) if (~-~)  = 1 
40h( -  1) if ( -~)=-  
Case 2. If (k(i)/p)=O, then ao=p.  This is easy to see when 
110 2 6 : (4 ) :  p4q2 and pq l6 .  In the case where a 2 6 = (4)= t0 6, Lemma 5 
eliminates the possibility that a o = p2. So, 
a2= ~----~ h(sZ-4n) {w(p) N(p) (1-(~-~) N(P 1)) + W(Ck) N(Ck)} 
= lZh( -- l ). 
Now consider l(1, 1 ). The reasoning is almost identical to that used for 
l(0, 1). The quadratic extension k(~/-~-4n)=k(~--3). By Theorem3,  
[gk~,/73)" gk] = 3. Again, by the Dirichlet unit theorem, [g~'82]  = 8. 
If 3~disc(k), then the relative discriminant, 6, is equal to (3). Since 
ao z 6 = (3), it follows that a0 = Ck, and so 
a3 = l(1, 1 ) = ~.3  h(s2 -- 4n) w((gk) N((gk) = 4h( - 3). 
If 3 I disc(k), then let p be the prime in Ok which is ramified over (3). 
Either 3(_9, = p2q for some prime ideal q or 3(9k = p3. 
Since ao is characterized by being the smallest ideal satisfying conditions 
(3) and (4), again it follows that P l ao, this time letting c = 2 in condition 
(4). Notice that this, along with the fact that a~6=(3) ,  is enough to 
guarantee that ao = p. Hence, 
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a3=2~h(s2_4n) fw(p)N(p) ( l _ (k (x~-3) )N(p  1)) 
e 12h(-3) if (~-~)  = 1 
= 16h(-3) if (~)=0 
20h(-  3) if (k-(pi--)) = - 1. | 
COROLLARY 7. 
353 
+ w((gk) N((.9~)} 
Let k be a totally real cubic field with disc(k)> 81, then 
3h/,(k( -- 1 ) ~ 7/. 
(7) 
Multiplying both sides of the equation by 12hk yields 
12hkz(k ) = 3hk(k(-- 1 ) + 3 hka 2 q- hka3. 
Note that hk, x(k), and a 3 are rational integers by their definitions. 
Theorem 6 shows that 4 always divides hka2, and so 3hka 2 is a rational 
integer. Hence, 3hk(k(--1) is also a rational integer. | 
Although the next corollary is very similar to the previous one, notice 
that neither one follows directly from the other. 
COROLLARY 8. 
hk odd, then 
Let k be a totally real cubic field with disc(k)> 81 and 
3(k(-- 1)eT/. 
Proof Multiplying both sides of Eq. (7) by 12 yields, 
12z(k ) = 3~k( -- 1) + 3a 2 + a 3 . 
As above, notice that z(k) and a3 are rational integers and that 4 always 
divides hka2. Since hk is assumed to be odd, 4'divides a2. Thus (3/4)a 2 is 
a rational integer, and the result follows. | 
;((k)=2 3(2~k( -1 )+2+~2 ). 
Proof Given disc(k)>81, then a t=0 for r~2 or 3. Thus formula (1) 
reduces to 
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7. SI-IINTANI'S WORK 
Shintani [15] developed complicated formulas for calculating relative 
class numbers and certain values of partial zeta functions. Each formula 
involves subsets of certain fractional ideals intersected with a fundamental 
domain of the group action defined below. The required sets and my 
methods for determining their elements are described in this section. 
Let k be a totally real number field of degree n over Q. As usual, let 
Ck, gk, and 8]  represent the ring of integers, the group of units, and the 
group of totally positive units, respectively. For f an ideal in (5)~, let o~(f) + 
denote the totally positive units of 6k which are congruent to ! modulo f. 
(In the case of interest here, [=  (3~ and so 8(f) + = 8~ .) Embed k in ~ in 
the usual way. Let g(f)+ act on ~+~, n copies of the positive real numbers, 
by componentwise multiplication. Shintani showed that the fundamental 
domain of this action can be expressed as a disjoint union of a finite num- 
ber of open simplicial cones with generators in ~. To fix notation, denote 
these cones by 
Cj = Cj(v j l ,  vj2 ..... Vjr~j~) = { tlVj, + t2vj2 + " + tr~j~Vj,~j~lti > 0 }, 
where vjie f are independent as vectors in ~ +" under the usual embedding. 
There exists a finite indexing set J such that 
U U,,cj. 
uE,~(~) ~ i~ J  
For cubic fields, a good deal is known about these fundamental domains 
and how to calculate them. Thomas and Vasquez [19] give an explicit 
method for determining a fundamental domain of the required type, 
consisting of exactly six simplifial cones. Haspel and Vasquez [3] used a 
different method to calculate fundamental domains for the forty cubic 
orders of smallest discriminant. These are the fundamental domains that I 
use in making my calculations. 
For S any subset of k, Shintani defines R(j, S) to be the set of all 
x = (xl ..... XrU)) ~ Q~U) which satisfy 
0<x~ ..... x~u~< 1
and 
X 1Ujl "~ X2Uj2 -'[- " '" -[- Xr( j ) l ) j r ( j  ) r S .  (8) 
The evaluation of Shintani's formulas requires the determination of the set 
R(j, b) for various fractional ideals b. In this work the required set is 
always of the form R(j, b- l )  where b is a nonzero integral ideal of (9 k. 
To find the points in R(j, b-~), I first translate the problem into one of 
finding rational integer points in specific partially closed r(j)-dimensional 
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parallelepipeds. In Proposition 9 below, I reduce the problem to that with 
b= (b) a principal ideal. In Proposition 10, I translate the problem as 
described above. 
PROPOSITION 9. Let b = (bl, b2 ..... bs). Then for eachjEJ,  
R(j, b 1)= ~ R(j, (b,) 1). 
/=1 
Proof Fix j E J. Let x ~ Q" with 0 < xi ~< 1. Then 
x~R( j ,  b-1).ce.~ xivji~b a 
i 
.~Vl, xeRU,  (b~) -~) 
~-xe  0 R(/', (b~) 1). 
1 
So R(j, b -1) = OtR(j,  (bl) -1) as required. I 
Fix b=(b)  with beCk. Fix some j~ J  and for ease of notation, let 
Ci = c = C(v~, re, ..., vr). Let B1, B2 ..... B, be an additive 71-basis of (9 k. For 
each 1 ~< i ~< r, let 
bl) i : o~l iB  1 + o~2iO 2 ~- . . .  @ o~niB n. (9) 
Let/5 be the r-dimensional parallelepiped in ~" determined by the r vectors 
{(~1,, ~zi ..... ~,,)}i. Let {F~} be the set of ( r -  1)-dimensional "faces" deter- 
mined by each subset of r -  1 of these vectors. Let P be the parallelepiped 
/5 with the faces containing the origin, {Ft}, removed, i.e., P=/5\[.)tFt.  
PROPOSITION 10. There exists a one-to-one correspondence between 
R(j , (b) 1) and Pc~l_". The correspondence is given by a linear map 
T A : ~r ~ R" defined by multiplication by the matrix A = (~ij). 
Proof The result follows from the three claims below. The first claim 
shows that the map is injective; the others prove that TA(R(j, (b)-~)) = 
pn2~ n. 
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CLAIM 1. T A is injective. 
Proof Consider the matrix B= (B~il). The linear map TB is invertible 
since (det(B)) 2=disc(Ck)4:0. Now, the image under T A of the standard 
basis is the set of column vectors of A. TB(A)= BA = (Zz Bli)c~tj)= (bv~). 
But b is nonzero and the set of vectors {vj}j is linearly independent by 
definition. So the set of vectors {~u}J is linearly independent. Hence, T A is 
injective. 
CLAIM 2. P is the image under T A of the partially closed cube 
{x9 I O<x~< 1}. 
Proof This is clear from the definitions. The columns of A, which are 
the images of the edges of {x 9 ~r I 0 < x~ ~< 1 }, are by definition the edges 
of P. 
CLAIM 3. XeQ"  and ~_. ix iv i  9  l r149  
Proof Notice that if x r  Q r, then since the entries of A are rational 
integers T A (x )  ~. ~n. For x e Qr, 
Y~ xivi e (b)-I r b Y xivi 9 ek 
i i 
i l 
i 
"~ TA(X) e 7/n. 
This completes the proof of Proposition 10. I 
The finding of rational integer points in an r(j)-dimensional 
parallelepiped is relatively easy to automate. The main idea of my 
algorithm is: Given an r(j)-dimensional parallelepiped, project it onto a 
coordinate axis; for each rational integer point on the resulting segment, 
find all the rational integer points "above" it in a two-dimensional 
projection; for each rational integer point in this projection, find the 
rational integer points "above" it in a three-dimensional projection; repeat 
for higher dimensions. 
It is important o note that this method of calculation R(j, b- l )  can be 
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carried out using strictly integer algorithms. Since irrational numbers are 
not involved and none of the integers are excessively large, no errors are 
generated by computer ound-off. 
8. ZETA FUNCTIONS 
Let k be a totally real algebraic number field of degree n. (In situations 
where no confusion should arise, k may also be used as an indexing 
variable.) For ~e(s )> l ,  the Dedekind zeta function is defined by 
(k(S) = Z ,  N(g)  -z, where ~ ranges over all integral ideals of k. Given two 
mutually prime ideals b and f, the generalized Hurwitz zeta function is 
defined by (k(b, f, s )= ~a N(g) s, where g now ranges over all integral 
ideals of k which are in the same narrow ideal class modulo f as b. Each 
of these functions is continued analytically to C - { 1 }. Letting ~ be a set 
of integral ideals of k containing exactly one representative for each narrow 
ideal class, (k(S)=Y.b~  (k(b, (gk, S), where (9 k is the ring of integers of k. 
The goal is to calculate (k ( -  1) for cubic number fields, so for each field 
k it suffices to calculate (k (b, C k, - 1 ) for each b in ~. 
Methods of calculating the values of the Hurwitz zeta function at non- 
positive integers have been developed by Siegel [16-18] and by Shintani 
1-15]. Yancey [23] used Shintani's formula to derive a closed form for 
(k((gk, Oh, S). Unfortunately, Yancey's work does not appear to be easily 
adaptable for finding (k(b, (9k, s) for b ~ Ck. In addition, its use requires 
extra data about the field such as a decomposition of the fundamental 
domain for the action of ~ .  A quite different method of calculating 
(k ( -1 )  was developed by Cohen [1 ]. 
Let Cj(vj~, vj2 ..... vjr~j~) be an open simplicial cone. For independent 
variables tl, t2, ..., t,, let 
. ,,~2) ,,~) ' 1 <~ l <~ r(j). L , ( t )=v) ]  ) t l -~ j t  tz + ""  +~j, . , ,  
Let x= (x~ ..... Xr(j)) be an r(j)-tuple of real numbers and let u be an 
independent variable. Following Shintani, let (m!)-nnm(Cj, x) (k) be the 
coefficient of u "(m ~)( t~'" tk  ~ tk+~'" t , )  m 1 in the Laurent expansion at 
the origin of the function 
tk = 
euxiLi(t) 
F(u, t )= (10) 
i= 1 euLi(t) -- 1 1 
Further, let 
Om(Cj, X)=-1 ~ Bm(CJ, x)(k). 
/ ' lk= 1 
(Note: Shintani actually defines B,,(A,  x)  (k) where A is a matrix. For this 
work, the matrix is unneeded additional notation and hence is omitted.) 
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THEOREM 1 1 (Shintani). Fix a .finite system { C~ }/~ j of" open simplicial 
cones as described in Section 7. Using the notation above, 
(~(b ,~, l -m)=m "N(b) .... ' y, y, (- l )r i /)Bm(Cj,  x), (11) 
/~ J  xeR( / ,b  1~+1) 
where b 1I+ 1 is the set consisting of all ~ e k such that ~-  1 e b if. 
Reducing formula (11) to the case of (k(b, C,, -1 )  with k a cubic field, 
yields 
(~(-1)  -1- ~ U(b)~ ~ (-1)rlJ)B2(Cj, x). (12) 
- -  8 bE~ jE J  xER( j ,b  1) 
Methods for determining the points in R(j, b ~) are discussed in Section 7. 
The major task remaining is the reduction of formula (12) to a closed form. 
Again, let {Cj}j~j be a finite system of open simplicial cones as described 
in Section 7 with [ = (9 k and, to simplify notation, let vi= l)ji and r = r(j) 
when the value of j is clear from context. For x= (x~, x2 ..... x~), let 
B~= B~(xt) be the ith Bernoulli polynomial evaluated at xt, where 
k=O 
with Bk the coefficient of x~/(k!) in the Taylor expansion at zero of the 
function 
i x if x~0 x_  1 
f (x )  = 
if x=0.  
Then expanding the factors of formula (10) as a Laurent expansion in u at 
the origin yields 
eUXiLi(t) 
tk = 
= B,(xi) (uLi(t)), 1 
e~L~(t)-- I tk= l t=o l! 
Using this to expand each factor in Eq. (10), notice that only the terms 
which will involve u 3 when multiplied by the terms of the other factors are 
relevant for calculating B2(Cj, x). The terms involving (Li(t)) 1]t,=1 can 
also be expanded in series. By first calculating B2(Cj, x) ~1) then permuting 
the subscripts, formulas for all three values of B2(Cj, x) ~ are obtained. 
Multiplying and collecting the relevant erms then rearranging (to mini- 
mize computer time and rounding errors when applying the formula) yields 
the following proposition from which Theorem 13 is immediate. 
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PROPOSITION 12. For a totally real cubic field k, f ix je J  
x ~ R(j, b 1), then 
( - 1 )r(j) 
8 8:(cj, x)= Z Z o~(.(cj, x, ~, ~), 
r rES3 
where, letting vi = vl :(1)), 
G3 - - -  
1 
GI = -~-~ N(v~(1)) B4a(l); 
1 
\V~(2)/ V~(I) 
+ ~a(1) ~cr(1) ~cr(2) \Va( l) ' ]  , ] )  ; 
l{N(va(1))(90Bl~(2)Bl~(3)B4~(,)+72B1~(3)Bs,.(,) v'~(~) 
4320 v.(z) 
(1)a(2)~ 2 (Va(3)~ 2+ lOB6a(l) Va(l__~) Va, l____~)~ 
+ 20B3~ B3a(3) \va( t ) /  \Vcr(1).] /)o-(3) /)o-(2),] 
,,(v(i)) .(r(2)),,(r(3))(360B,.(3)Bz.(z)B3~(,)_ 48B,.(3 Bs~(t)(v.(1)~: "~ ~a(l) ~a(l) ~cr(2) \Ua(2),] 
+ 80B3~(:) B3~(l) v.(:___~) _ 80B3o(3) B3~(1) (vo(3)]: 
Ua(3) \Da(2)/  
+ 90B2,~(2) B4,.(l) v'(l) lOB6a(1)(Va(l))2V~(l)~ 
U~r(3) \Va(2)/  ~) or(3), ] 
4- ,,(~(~)) ,,(~(z)) ,,(~(3)) 12B~(3) B5a(2) \v,~tl)/ v~(3) ~(2) ~a(~) ~(~) + 90Bza(2) 
(/96"(3)~ 3 
+ 30B2~(2) Bao(3) \v~(1)/ 
-t- 296a(2) (va(2)~ 3va(2) + 4003,~(2) B3,7(1) va(2)~ 
\/9r 1 )./ Ua(3) Ua(3)./ 
,,(~(1)),,(r(2)),,(T(3))(90B2~(I)B2a(2)B2~(3  __ 3002o(2) B4a(1,(v~(1)~ 2 nt-~a(l) ~a(2) ~a(3) \Va(3),] 
(Da(3)~2..~O&r,l)(Va(l'~2(Ua'l'~2~ * 
- -90B2, ,o  ) B4a(3) \l)a(2), / \va(2),/  \va(3),/  .,/J 
359 
and 
(13) 
64 /37/3-8 
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THEOREM 13. With the above notation, 
(k(--1) = E N(b)Z  E ~ E Gr(,,(CJ ,x,a,r)" 
b6~ jEJ xER(j,b 1) a~S~(i I r6S3 
(14) 
9. RELATIVE CLASS NUMBERS 
Let k be a totally real number field of degree n over Q. Let k' be a totally 
imaginary quadratic extension of k. (Of interest here are k '=k( i )  and 
k '= k (x /~) .  ) Shintani provides the following formula for calculating the 
relative class number hk,/h k. 
Let al, a2 ..... ah be integral ideals forming a complete set of repre- 
sentatives for the ideal classes of k. Let Reg(k) and Reg(k') be the 
regulators of k and k'. Let 6 denote the relative discriminant of k' over k, 
and let o9 be the number of roots of unity in k'. For any ideal a e Ok,, let 
A be the quadratic haracter given by the Artin symbol, A(a)= (k'/a). As 
before, let gk and g~- denote the group of units and the group of totally 
positive units in (9 k. 
THEOREM 14 (Shintani). Fix a finite system {Cj}j,j of  open simplicial 
cones as described in Section 7, with f = Ck. Using the notation defined above 
h~--2 = 2" 1 
h~ 
~oReg(k) 
Reg(k')[Sk : ~;  ] 
, ,~l j~J { ( ( r l j ) )  )(_l)r~j,n • z z A..Z=, xivji 
Bli(Xi)~ (r(j, 'i (15) 
where R( j)  = R(j, (am 6) 1), Tk is the trace, and the summation over l is over 
all r(j)-tuples (ll ..... lr(j)) ~ Z r(j~ satisfying 
l~>~ 0
and 
ll + "'" + lr~j~ = r(j). 
It follows from Theorem3 in Section4 that for k '=k( i )  and for 
k' = k (x / -~ ), Reg(k)/Reg(k') = 88 The values of to and [gk : g~- ] are easily 
determined and the elements of R(j, (am 6)-1) are found using the methods 
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described in Section 7. The Artin character, however, presents a challenge 
in the automating of the evaluation of formula (15). In the following 
section, I outline the algorithm I developed for this. 
10. EVALUATION OF THE ARTIN CHARACTER 
Let k be a totally real cubic number field. For k' a quadratic extension 
of k and p a prime ideal in k, the Artin symbol is defined by 
f 1 if psplitsink', 
A(p) = 0 if p ramifies in k', 
- 1 if p remains prime in k'. 
For nonprime ideals, A is extended multiplicatively. 
The first step in the evaluation of A(a) is based on the following well 
known fact [2]. 
THEOREM 15. For k' a finite extension of k with relative different 3, the 
prime p in k ramifies at its prime divisor P in k' if and only if PlY. 
In the case where k' is quadratic over k this easily implies that the prime 
p in k ramifies if and only if p ] 6, where 6 is the relative discriminant. 
COROLLARY 16. For p a prime ideal in k, A(p)=0 i f  and only i fp  [ 6. 
For a any integral ideal in k, A(a)=0 if and only if a and 6 have a common 
factor. 
For a an ideal relatively prime to the relative discriminant, he first step 
in my algorithm is to factor its norm over Q. Then for each prime p 
dividing the norm determine which primes in C k over (p) divide a. Finally, 
for each prime factor of a determine its behaviour in (gk,. For many primes, 
it is not necessary to complete this entire process. The following proposi- 
tions are helpful. 
PROPOSITION 17. (1) For k' = k(i), tfp = 1 (mod 4) then for all p [ pt~ k, 
A(p) = 1. 
(2) For k' =k(x / -~ ), if p-= 1 (mod 3) then for all p [pCk, A(p)= 1. 
Proof A prime ideal p in (9 k with p 1/(2) splits in (gk(i) if and only if - 1 
is a square in (9 k modulo p. But p = 1 (mod 4) implies that - 1 is a square 
in 7/ modulo p. Hence p splits in (_gkti~ and so A(p)= 1. Similarly, for p in 
(9 k with p ~t (3), p = 1 (mod 3) implies that -3  is a square in 7/ modulo p 
and so p splits in Ok~,s ] 
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Notice that the results in Proposition 17 are independent of the 
factorization of (p) in [~k. 
PROPOSITION 18. If k'=k(i) with p=3 (mod4) or k'=k(~//~-3) with 
p~ 2 (mod 3), then the following hold. 
(1) I f  pCk splits into three (not necessarily distinct) prime factors in 
(fi~, then for each p [ p6~, A(p)= -1 .  
(2) I f  p(fik is inert in Ok, then for each p [p(_9 k, A(p)= -1 .  
(3) I f  pCk=pq in d/k with p and q prime and with the inertial degree 
f (P tP )= 1, then A(p)= -1 .  
Proof. This follows easily from consideration of the inertial degrees. II 
With these propositions in mind, it is only necessary to examine the 
behavior of a small subset of the ideals pC~, r Given p ~ 6 for which this is 
necessary, the behavior is determined by searching for a square root of 
-1  or -3  modulo p in Ck. Notice that in some cases, the standard 
methods do not apply and some factoring must be done by hand. For 
example, for p [6 the above algorithm may not apply. 
It should be noted that my implementation of these algorithms assumes 
that the class number of the field k is one. For most of the calculations, this 
could easily be changed, but the evaluation of the quadratic character 
would be more difficult to accomplish without sacrificing the assured 
accuracy of using only integer algorithms. 
11. ERROR ANALYSIS 
The computations were done on a SUN 3/50 workstation utilizing a 
Motorola M68881 floating-point coprocessor [12]. The coprocessor 
implements the ANSI/IEEE 754-1985 standard for binary floating-point 
arithmetic I-9] upon which my error calculations are therefore based. The 
standards pecify that each basic operation must be accurate to the extent 
possible given the size of storage for its output. For double precision 
floating point, which is what I used, this means that the error due to 
rounding after one calculation is at most 2 a- 53 where a is the integral part 
of the base two logarithm of the result. 
My programs are designed to compute an upper bound for the error in 
each partial result. With each operation in a calculation is a corresponding 
calculation of an upper bound for the error at that stage of the calculation. 
This upper bound combines the error generated by the error in the inputs 
with the new error from rounding. Of course care must be taken to com- 
pensate for rounding error in the calculation of the error. This is easily 
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done by rounding up whenever doing an error calculation. Since all that is 
needed is an upper bound for the error, there is no harm in doing this. 
Recall that the class number is one for each of these fields and so the 
actual values of h ( -  1) and h( -  3) are integers as are the values of 3 (k ( -  1 ) 
by the corollaries to Theorem 6. The computer-generated error bounds are 
sufficiently small to show that the true values of ~ , ( -1 ) ,  h ( -1 ) ,  and 
h( -  3) are as given in Table I in the following section. 
12. NUMERICAL  RESULTS 
Table I gives the arithmetic genus and other constants for the 28 non- 
Galois cubic number fields of smallest discriminant. For each field k, the 
table supplies the discriminant, the value of the Dedekind zeta function of 
TABLE I 
The Arithmetic Genus and Other Field Constants 
Disc (k ( -1 )  h ( -  1) h ( -3 )  a2 a3 z(k) 
148 - 1/3 1 1 12 4 1 
229 - 2/3 2 2 8 8 1 
257 -2 /3  2 2 8 8 1 
316 -4 /3  1 I 16 4 1 
321 -1  1 1 4 12 1 
404 - 5/3 1 2 12 8 1 
469 - 2 2 3 8 12 1 
473 - 5/3 3 2 12 8 1 
564 -3  1 1 12 12 1 
568 - 10/3 2 1 24 4 1 
621 -10 /3  2 1 8 16 1 
697 - 8/3 4 2 16 8 1 
733 -4  4 3 16 12 1 
756 -13 /3  1 1 12 16 ' 1 
761 -- 10/3 2 4 8 16 1 
785 - 11/3 5 2 20 8 1 
788 - 14/3 2 2 24 8 1 
837 - 16/3 4 1 16 16 1 
892 - 20/3 2 2 32 8 1 
940 - 22/3 1 1 40 4 1 
985 - 14/3 6 2 24 8 1 
993 - 17/3 3 1 12 20 1 
1016 -26 /3  2 2 24 8 0 
1076 - 22/3 2 4 24 16 1 
1101 - 26/3 2 1 8 20 0 
1129 -22 /3  2 4 8 16 0 
1229 -28 /3  4 4 16 16 0 
1257 -8  4 2 16 24 1 
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the field evaluated at -1 ,  the relative class number of k(x / / -  1)/k and of 
k(x / -~) /k ,  the number of equivalence classes of elliptic fixed points of 
order 2 and of order 3, and finally the arithmetic genus of the Hilbert 
modular variety over k. The values of (k ( -1 ) ,  h ( -1 ) ,  and h( -3 )  are 
calculated via the methods detailed in Sections 8 and 9. The values of a2 
and a3 come from Theorem6 in Section6. The arithmetic genus is 
computed by combining these other results in formula (1) presented in 
Section 2. The class number of each of these fields is one, so the fact that 
the values of (k( - -1)  are all integer multiples of one-third is predicted by 
the corollaries to Theorem 6. 
As seen in Table I, 24 of the fields have Hilbert modular varieties with 
arithmetic genus equal to one. This is in marked contrast o the case of 
quadratic fields where there is a total of ten fields k with x (k )= 1 [7, 8] 
and to the case of Galois cubic fields where there is a total of four such 
fields [22]. Since the arithmetic genus of a rational variety is one, these 24 
fields are the only candidates (among the 28) for having rational modular 
varieties. Other properties of these varieties will need to be studied in order 
to determine which, if any, of them are rational. 
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